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Abstract 

In this paper we construct defects in coset G/H theory. Canonical quanti- 
zation of the gauged WZW model G/H with N defects on a cylinder and 
a strip is performed and the symplectomorphisms between the correspond- 
ing phase spaces and those of double Chern-Simons theory on an annulus 
and a disc with Wilson lines are established. Special attention to topolog- 
ical coset G/G has been paid. We prove that a G/G theory on a cylinder 
with N defects coincides with Chern-Simons theory on a torus times the 
time-line R with 2N Wilson lines. We have shown also that a G/G theory 
on a strip with defects coincides with Chern-Simons theory on a sphere 
times the time-line R with 2N + 4 Wilson lines. This particular example 
of topological field theory enables us to penetrate into a general picture 
of defects in semisimple 2D topological field theory. We conjecture that 
defects in this case described by a 2-category of matrices of vector spaces 
and that the action of defects on boundary states is given by the discrete 
Fourier-Mukai transform. 
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1 Introduction 



In this paper we study defects in the gauged WZW modeL We construct the 
phase spaces of the gauged WZW model in the presence of defects and relate 
them to the moduli spaces of flat connections on punctured Riemann surfaces. 
We generalize here the results of the paper [37] on defects in the WZW model 
to the coset model, using canonical quantization technique of the gauged WZW 
model developed in [23]. Let us briefly remind the principal results of these 
papers. 

In the paper [37J, canonical quantization of the WZW model with defects 
has been performed. Using the Lagrangian formulation of the WZW model with 
defects and boundaries the following symplectomorphisms have been established: 

1. The symplectic phase space of the WZW model with defects on a cylinder 
is isomorphic to that of a Chern-Simons theory on the annulus A times the 
time-line R with N time-like Wilson lines. 

2. The symplectic phase space of the WZW model with N defects on a strip is 
isomorphic to that of Chern-Simons theory on a disc D times the time-line 
R with + 2 time-like Wilson lines. 

In the paper [23], using the Lagrangian formulation of the gauged WZW 
G/H model on a cylinder and on a strip the following symplectomorphisms 
have been established: 

3. The phase space of the gauged WZW G/H model on a cylinder is isomor- 
phic to the phase space of the double Chern-Simons theory on the annulus 
A times the time-line R. 

4. The phase space of the gauged WZW G/H model on a strip is isomorphic 
to the phase space of the double Chern-Simons theory on D x R with G 
and H gauge fields both coupled to two time-like Wilson lines. 

In the special case of topological coset G/G these isomorphisms take the 
form: 

5. The phase space of the gauged WZW G/G model on a cylinder is isomorphic 
to the phase space of the Chern-Simons theory on the torus T"^ = AU {—A) 
times the time-line R. 
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6. The phase space of the gauged WZW G /G model on a strip is isomorphic to 
the phase space of the Chern- Simons theory on the sphere S"^ = DU{—D) 
times R with four time-hke Wilson lines. 

We show here that the combined versions of the symplectomorphisms 1-2 
and 3-4 for the gauged WZW model in the presence of defects take the 
form: 

7. The phase space of the gauged WZW G/H model on a cylinder with 
defects is isomorphic to the phase space of the double Chern-Simons theory 
on ^ X i? with G and H gauge fields both coupled to Wilson lines. 

8. The phase space of the gauged WZW G/H model on a strip with defects 
is isomorphic to the phase space of the double Chern-Simons theory on 
D X R with G and H gauge fields both coupled to + 2 time-like Wilson 
lines. 

In the special case of the topological coset G/G these isomorphisms take 
the form: 

9. The phase space of the gauged WZW G/G model on a cylinder with A^ 
defects is isomorphic to the phase space of the Chern-Simons theory on 

X R with 2A^ Wilson lines. 

10. The phase space of the gauged WZW G/G model on a strip with A^ defects 
is isomorphic to the phase space of the Chern-Simons theory on x R 
with 2A^ + 4 time-like Wilson lines. 

The last two isomorphisms allow us to achieve a very detailed picture of defects 
in this particular example of topological field theory. This picture enables us to 
conjecture that in general defects in semisimple 2D TFT should be described by 
means of a 2-category of matrices of vector spaces. Previously the relation of 
defects and 2-categories in conformal field theory was discussed in [91 IT51I38] . 

The paper is organised in the following way. 

In the second section we review the canonical quantization of the WZW model. 
In the third section we review the canonical quantization of the gauged WZW 
model. In section 4 we present defects in gauged WZW model, perform canonical 
quantization and establish the isomorphism 7 in the list above. In section 5 we 
consider defects in the gauged WZW model on a strip and establish the isomor- 
phism number 8. In section 6 we consider defects in the topological coset G/G, 
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establish isomorphisms 9 and 10, and make conjectures on defects properties in 
general 2D semisimple TFT. 



2 Bulk WZW model 

In this section we review the canonical quantization of the WZW model with 
compact, simple, connected and simply connected group G on the cylinder S = 
Ryi = {t,x mod 2ti) ^M,^. The world-sheet action of the bulk WZW 
model is HO] 



^wzw(^) = ^ jji{g-^d^g){g-'d^g)dx+dx- + ^ jj^ii{g~'dgf (1) 



k_ 

An 



S ^" JB 

dx+dx-L^'''+ [ 
s Jb 



where = x±t. The phase space of solutions V can be described by the Cauchy 
data at t = 0: 

g{x) = g{0, x) and ^o{x) = g~^dtg{0, x) . (2) 
The corresponding symplectic form is |2U] : 

n^-'^ = ^J^'\^{g)dx, (3) 

where 

U^{g) = tr {~6^og-'Sg + (^o + g-'d,g){g-'6gf) . (4) 

The 6 denotes here the exterior derivative on the phase space V. It is easy to 
check that the symplectic form density Il{g) has the following exterior derivative 

6U^{g) = d.uj'^'ig) , (5) 

what implies closedness of the VL: 

50'^"''^ = . (6) 
The classical equations of motion are 

9_J^ = and 9+J/j = 0, (7) 



^ Surely we can choose any time slice, but for simplicity we always below take the slice i = 0. 
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where 

Jl = -ikd+gg~^ and Jr = ikg'^d^g . (8) 
The general solution of ([7]) satisfying the boundary conditions: 

g(t,x + 2T,)=g{t,x) (9) 

is 

g{t,x) = gL{x^)g^^{x') (10) 
with gi R satisfying the monodromy conditions: 

gL{x+ + 2'K) = gL{x+)^, (11) 

gnix- + 27r) = gR{x~)^ (12) 

with the same matrix 7. Expressing the symplectic form density Tl'-'{g) in the 
terms of gi^R we obtain: 

= tr [gl^5gLd^{gJ^^5gL) - gR^SgRd^{g]^^SgR) + d^{gl^6gLgR^6gR)] . (13) 

Using (1131) and dnD, one derives for fi^"^'^: 

where 

fi"(^7L,7) = ^ /'^r (^?Z''5^7L5.((7ii5(7L)) rfx + |-tr(^?^ 15(7^(0)577-') • (15) 

The chiral field gL can be decomposed into the product of a closed loop in G, a 
multivalued field in the Cartan subgroup and a constant element in G: 

g^ix"-) = h{x^)e"^^'^g^' , (16) 

where h G LG, t & t { the Cartan algebra) and go G G. For the monodromy of 
gi we find: 

7 = ^/oe'^^^/'=^7o"' • (17) 
The parametrization (fT6i) induces the following decomposition of Q'^^'^^^^{gL,'j): 

^^"(^?L, 7) = r) + -^u;.(7) + tr[(z5r)(7o-i5^7o] , (18) 

47r 
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where VL^^{h,T) is : 

n^G^^^^-^ = — f tT[h-^5hd,{h-^Sh) + '^T{h-Hhf - '^{5T)h-^5h]dx (19) 
47r Jo k k 

and ^^(7) is : 

uAl) = tT[g,'6goe''''^/'g,'6goe-''^^/'] . (20) 

Comparing (fl^ and f|T9l) to the formulae in appendix C we see that the 
symplectic phase space of the WZW model on a cylinder coincides with that of 
Chern-Simons theory on the annulus times the time-line A x R. 

3 Gauged WZW model 

Here we review quantization of the gauged WZW model on the cylinder S = 
R X = {t,x mod 2tt) as it is done in [23]. 

The action of the gauged WZW model is : 

g'^/H ^WZW _j_ ^gauge (21) 

where 

^gauge = JL f i^ga^ge ^ (22) 

27r 

L™(^7, A) = -tr[-d+gg-'A^ + g-'d^gA+ + gA+g-'A^ - A+A^] . (23) 
With the help of the Polyakov-Wiegmann identities: 

L'^'-igh) = L^'-ig) + L'^'-ih) + Ti{g~'d,gd-M-') + Trig-%gdM-')i2^) 
uj^^{gh) = uj^^{g) + uj^^{h)-d{i:i{g-^dgdhh-^)y (25) 

it is easy to check that the action f l2T]) is invariant under the gauge transformation: 

g ^ hgh-^ , A ^ hAh'^ - dhh~^ (26) 

ioT h-.J:^ H. 

The equations of motions are: 

D+{g-'D_g) = 0, Tiig-^D^gTH) = TiigD+g-'Tn) = , F{A)=0, (27) 
where D±g = d±g + [A±, g] and is any element in the H Lie algebra. 



6 



The flat gauge field A can be written as h ^dhioi h : B? ^ H and satisfying: 

h{t,x + 2ti) = p-^ hit, x) (28) 

for some p & H. 

Define g = hgh~^. Note that g satisfies 

g{t,x + 27T) = p-'g{t,x)p. (29) 

In the terms of g equations ( |27l) take the form: 

d+{~g-'d-~g) = , TTCg-'d-~gTH) = Ti Cgd+r'Tu) = . (30) 

The canonical symplectic form density, obtained following the general pre- 
scription [ZllHlEn], is given by: 



U''/''ig,h) = n''{~g) + d,^ih,g), (31) 

where 

^(/i, g) = tr h-^dh{g-^dg + dgg'^ + g'^h'^dhg) . (32) 

Some properties of the form (l32l) are summarized in appendix A. 
Integrating (l3Ti) we get the canonical symplectic form: 

k /■^'^ k 
^''^'' = ^J^ T^''i~9)dx + —^ip-\hgh-\0)). (33) 

Collecting ([5]), (129|) and fll36p one can show that the form (133|) is closed. 
Equations fl30l) can be solved in the terms of the chiral fields: 

g = gL{x+)g-^\x-) , TiidygLgl^Tn) = Ti{dygRg~^^TH) = (34) 

with the monodromy properties: 

gL{y + 2tt) = p'^gLivh , gniy + 2tt) = p'^gniy)-/ . (35) 

The monodromy properties imply that the chiral fields gL^R should be 
written as products of fields as well: 

9l = h]^^gA , gn = h^^gc , (36) 
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where hB,hD G H and QaiQc & G- The fields in (136|) should additionally satisfja: 

tT[TH{dyhBh^' - dyQAQA')] = , ti[TH{dyhnh-^ - dygcQc')] = (37) 
and 

heiy + 2tc) = hBiy)p, gA{y + 2tt) = gAivh , (38) 
hoiy + 2n) = hDiy)p, gciv + 2n) = gcivh . (39) 
Using (l37j) one can show: 

tr[5'Z^'^5'L<93^(5'Z^'^5'L)] = ti[g^^6gAdy{g^^5gA)-h]^^5hBdy{h]^^6hB)+dy{5hBh]^^5gAgA^)] 

(40) 

and similarly for g^ and /id, S'c- 

Collecting ([31, (ES]), (JM]), (EH]), ([39]), (iO^ show that 

Comparing fl^Tl) with (HM and remembering that the latter is the symplectic 
form of the Chern- Simons theory on ^ x i?, we arrive at the conclusion that 
the phase space of the gauged WZW model on a cylinder coincides with that of 
double Chern-Simons theory [23l[3^ on A x R. 



4 Defects in the gauged WZW model G/H 

Let us assume that one has a defect line S separating the world-sheet into two 
regions Si and S2. In such a situation the WZW model is defined by pair of 
maps gi and g2- On the defect line itself one has to impose conditions that relate 
the two maps. The necessary data are captured by the geometrical structure of 
a bibrane: a bibrane is in particular a submanifold of the Cartesian product of 
the group G with itself : Q C G x G. The pair of maps ((71, (72) are restricted by 
the requirement that the combined map 

S^{GxG):s^{g,{s),g2{s)eQ (42) 

takes its value in the submanifold Q. Additionally one should require, that on 
the submanifold Q a two-form ^{gi,g2) exists satisfying the relation 

dz^ig„g2)=u'^'ig^)\Q-co'^^ig2)\Q. (43) 

^One can arrive at the decomposition p6p with the properties (|38|) and p9p in the following 
way: taking, say, a field hs satisfying the first part of psp . one can then define gA as gA = hsgL, 
satisfying the second part of (l38l) . 
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To write the action of the WZW model with defect one should introduce an 
auxiliary disc D satisfying the conditions: 

dBi = Si + D and = S2 + i) , (44) 

and continue the fields gi and g2 on this disc always holding the condition (H2|) . 
After this preparations the topological part of the action takes the form [16j: 

= ^ ^""^9^) + ^ ^^'{92) -^1^ vo{g,^ g.) . (45) 

Equation ( H3|) guarantees that (H5|) is well defined. 
Denote by Cq a conjugacy class in group G: 

C!^, = {Pf,r' = Pe^'-^'^r\ (46) 

where /i =/j. • is a highest weight representation integrable at level k, taking 
value in the Cartan subalgebra of the G Lie algebra. 

To construct the gauged WZW model with defects we take for bibrane the 
following ansatz: 

{gi,g2) = {C2Cw,LpL-^). (47) 

Here Ci G C2 G , peG SiudLeH. 

The Polyakov-Wiegmann identity (l25l) implies that the bibrane (l47j) satisfies 
the condition (jl3l) with the following w. 

uj{L,p,C2,C,) = r](2)(C2,Ci) - tr((C2Ci)-M(C2Ci)rfpp-i) + vl/(L,p) , (48) 

where 

Q(^\C2, Ci) = co^,{C2) - ti{C2'dC2dCiC{^) + uj^,{Ci) (49) 

and a;^(C) is defined in (EQl) and ^(L,p) is defined in (|32l). 

In the following we show that this bibrane provides a geometric realization of 
the Cardy defect |33] corresponding to the primary (yUi,/i2). 

Some comments are in order at this point: 

1. In fact this is a folded version of the permutation brane for the gauged 
WZW model suggested in [35], and can be derived following the same lines 
as for the permutation branes. 



9 



2. Recall that primaries of the coset G/H m the presence of the common 
center C of the G and H are given by the pairs of the G and H primaries 
up to the field identification and selection rules [Tll[2ll|25]. It was shown 
in [T2II23] that the product of the conjugacy classes C2C1 provides geometric 
realization of the field identification and selection rules. Remind briefly the 
arguments. Field identification follows immediately from the fact that given 
an element of the common center z one has the same object for {f^^-,f^2) 
and (zf^j^,z~^f^^). Selection rule is a consequence of the global issues [21 
UniElllSO]. Recall that when the second homotopy group of the bibrane 
worldvolume is not trivial the action is defined up to the multiples of 2n 
only for the special values of (/ii, (12)- In the absence of the common center 
it is enough to require that {fii, (12) is a pair of G and H primaries. The 
common center G makes the gauge group H/G, and the above mentioned 
process of the continuation of the gauged transformed values of the gi and g2 
into the disc D becomes non-trivial. Resolution of this problem leads to the 
selection rule, requiring fioto lie somewhere in the integrable representation 



18 /X. 



/ii, after some projection! 

Now we can define the action of the gauged WZW model with defect as 

SG/H-def^g^^ (72, A,.A2) = S'''''-'"'\g,, g2) + g2, A,, A2) + 3'°^-'"'' , 

(50) 

where 



^'''^-"^'(^1,^2) = ^/ L'^%gi)dx+dx~ + ^ f L'^\g2)dx+dx 



(51) 



and 



^"(^1, g2, Ai, A2) = ^ [ ^"((71, A,) + ^ [ L™(^?2, A2) . (52) 

The gauge fields Ai and A2 are not restricted to the defect line. 

One can check that the action ( l50l) is invariant under the gauge transforma- 
tions: 

91 higih^^ , Ai — )• hiAih^^ — dhih^^ , (53) 

92 h292h2^ , A2 -> h2A2h2^ - dh2h2^ , 



^See [n] for details. 
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where hi : T, ^ H, h2 : T, ^ H. For this purpose note that under (153|) the 
boundary parameters transform in the following way: 



p -> hiph^^ , Ci hiCih^^ , C2 ^ hCih^^ , L h2Lh^^ . (54) 

The gauge invariance follows from the Polyakov-Wiegmann identities and the 
transformation properties of zu{L,p, C2, Ci): 

w{h2Lh-[\ hiph^\ hiC2K\ hCih^^)-w{L,p, C2, Ci) , = -^{h, C2Cip)+^{h2, LpL-^) 

(55) 

which can be obtained using formulae of appendix A. 

Now we consider the gauged WZW model on the cylinder S = i? x 5*^ = 
(t, X mod 27r) and put defect line at x = a in parallel to the time line. 

The variational equation 5S'^/^~'^'^f {gi^ g2i A1.A2) = implies the bulk equa- 
tions (1271) for gi,Ai and (72,^2 separately supplemented by the defect equations 
clIj X —— d '. 

g^'D^gi - L-'g,'D^g2L = , (56) 

C2'giD^gi'C2 - L-'g2D+g^'L = , (57) 

L-'DtL = 0, C2^DtC2 = 0, (58) 

where Dt = D+ - D_, D±L = d±L + A2±L - LAi±, D^g^ = d±gi + ^1], 
D±g2 = d±g2 + [A2±, ^2], D±C2 = d±C2 + [Ai±, C2]. 

Derivation of the equations (l56l) . (|571) . (|58l) is outlined in the appendix B. 

Flat gauge fields can be parameterised as before: 

Ai = h^^dhi , A2 = h2^dh2 . (59) 

Defining as before: 

9i = hgih^^ , g2 = ^2/^2^ > (60) 

C*i = hiCih-^ ^ , C*2 = hiC2hi ^ , 

p = hiph^^ , L = h2Lh^^ , 

we have the bulk equations ( 130|1 for gi and ^2 and the defect equations ( 156|1 , (l57|l , 
( l58l) take the form: 

~gi'd^~gi-L-'~g,'d^~g2L = 0, (61) 
C2'~gid+~gi'C2 - L-^~g2d+~g2^L = , (62) 
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L-^dtL = , C2^dtC2 = . (63) 

Equation fl^S]) implies that L and C*2 are constant along the defect line. 

Using that, the bulk-defect equations can be solved in the terms of the chiral 
fields: 

91 = 9il9ir , TT{dygiL9ilTH) = Ti{dygiBgi^TH) = , (64) 

92 = 92L92R ' ^r{dyg2L92LTH) = TT{dyg2Rg2RTH) = , (65) 

and 

g2L = LC^^giin'^ , g2R = LgiRm~^ , (66) 
with m and n E G. Equations ( l66l) imply 

{gi{t,a),g2{t,a)) = {C2CiP, LpL~') , (67) 

where 

p = C2^giL{a + t)n~^mg^^{a-t), (68) 

Ci = C^'giLia + t)m~'ng-lia + t)C2 . (69) 

To have that Ci G Cq we should require that d = m^^n G Cq . 

Given that we consider GWZW model on a cylinder we should additionally 
require: 

gi{t,0) = g2it,27r), (70) 
/ii(t,0) =p/i2(t,27r). (71) 
From fITOl) and fITTll one obtains: 



gi{t,0) = p~g2{t,2n)p-\ (72) 

and 

giiiy + 2tt) = C2L'^p'^giL{.y)lL , 9iR{y + 27r) = L'^ p'^ giR{y)-f r , (73) 
with and 7r satisfying the relation: 

lRlL=d. (74) 

Comparing ( 173|) with ( l35l) we see that the presence of the defect leads to the rela- 
tive shifts between the left and right monodromies, equal to the defect conjugacy 
classes. 
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The monodromies ( I73|) as before can be realized in the terms of the decom- 
position of the fields gn and Qir as products: 

9iL = h]^^gA , giR = h~^^gc (75) 

of the new fields /i^, 9Ai ho, gc possessing the monodromy properties: 

hB{2Ti) = hBiO)pLC^' , gA{27i) = ^7a(0)7l , (76) 

hD{2n) = hD{0)pL , gc{27T) = gdOhn , (77) 
and satisfying ( 1371) . 

The symplectic form of the gauged WZW model with a defect can be written 
using the symplectic form density (13T!) and the form w. 



/ I{^'"{gi,hi)dx+ / I{^/''{g2,h2)dx-w{gi{a),g2{a)) 

Jo Ja 



^G/H-def ^ 

in 

Substituting in ( 1781) the symplectic form density (13T|) and using the transforma- 
tion property (l55l) we obtain: 



QG/H-def ^ _^ 

in 



IJO 



2n 



U{gi)dx+ / U{g2)dx - w{L,p,C2,Ci) -^{p,g2{2n)) 



(79) 

where p and Ci defined in (l68l) and (l69l) . 

Performing similar steps as before we arrive at the following expression for 
the symplectic form of the gauged WZW model with defects: 



\-u,,{C2) -tT{d-'6dji'6jL) -tT{C,'6C2{pL)-'6{pL)) 

Recalling the decomposition ( IT8l) of fi'^^'''^' and comparing with the corre- 
sponding formulae in appendix C we arrive at the conclusion that the phase 
space of the gauged WZW model on a cylinder with a defect line coincides with 
that of double Chern-Simons theory on ^ x i? with gauge fields of groups G and 
H coupled to a Wilson line. This result can be straightforwardly generalized to 
the presence of the N defect lines. 
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5 Defects in open coset model G/H 



Let us at the beginning remind some facts on boundary coset model Gj H [T21I23] . 

Boundary condition corresponding to a Cardy state (/i, v) is given by the 
product of the conjugacy classes 

(71 boundary = , (81) 

where h G Cq and c G C^. As explained in the previous section in the presence 
of the common center C /i and v should satisfy the selection rule. 

To write the action one should introduce an auxiliary disc D satisfying the 
condition OB = E + Z), and continue the field g on this disc, always taking value 
in product of conjugacy classes. 

The action with the boundary conditions flHTj) has the form: 

QG/H-bndry ^ gG/H _± f ^(2)(^^ ^ ^g2) 

where ^^^^(6, c) is defined in M9\\ . 

Consider a WZW model with a defect on the strip R x [0, tt]. Assume again 
that we have a defect at the point a; = a in parallel to the time line. The strip 
is divided into two parts with the fields gi,Ai and 5'2,^2- We impose a Cardy 
boundary condition fIST]) at a; = on requiring: 

g,{t,0) = C3C,, C^eC^', C.eC^H^ (83) 
a defect condition ( H71) at a; = a: 

(^?i,^72) = (Wip,LpL-i), (84) 
and again a Cardy boundary condition ( IHT]) at x = vr: 

(?2(t,Vr)=C5C6, C5GC^% C6GC^«. (85) 

Let us analyze first the consequences of the boundary condition ( 183|1 at the point 
X = 0. 

The boundary equations of motion resulting from the action (!82l) at x = 
are derived in [23] : 

g^^D^g^ + C^^g^D+g^^C^ = , C^^DtC^ = . (86) 
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Representing again the flat gauge field Ai = hi^dhi, and again defining gi = 
hiQih^^, C3 = hiC^h^^, = hiC^h^^ one can write (186!) as: 

-g^'d^h + C^%d+~g^'C, = , (87) 

C-'dtC^ = 0. (88) 

The last equation implies that C4 is constant on the boundary. Therefore 
using the chiral decomposition gi = giLQiR one can solve ( 187|) : 

9iR{y) = C^'giL{-y)Ro' (89) 

with Rq G G. Now we get that : 

glit,0) = glL{t)Rog^lit)Ci. (90) 
The boundary condition ( 183|) implies: 

~g,{0,t) = C3C,, C-seC^', C^eC^h"- (91) 

We find that 

C, = giL{t)Rog^l{t). (92) 
To be in agreement with the requirement that C3 G Cq' one should demand: 

Ro e C^' . (93) 

The defect condition as before implies: 

giL = C2L'^g2Ln , gm = L'^g2Rfn , (94) 

where g2L, Qir are fields of the chiral decomposition ( |65|) : ^2 = 9219 2r- 
From the boundary condition (!85|) we conclude: 

~g2it,7i) = C,Ce, C^eC^', E Ctf, (95) 

where = h-iC^h'^'^, Cq = h2CQh2^. 

To satisfy (!95l) we assume the following monodromy behaviour of gn'- 



g,L{y + 2n)=p-'g^Liy)j. (96) 
From relations ( l89l) . (IMl) and (1961) we derive: 

^2(t, vr) = LC^'giiiTT + t)n-'mRo^{LC2'giL{7r + t)Y^LC2^ p-^C^L-^ . (97) 
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We see that 



and 



To satisfy ( 195|) we should demand: 



'fJ-6 



(98) 
(99) 

(100) 
(101) 



The symplectic form is 

(102) 

In formula f ll02p p, Ci, C3, C5, Cq are given by the equations (l68l) . ( l69l) . ( 192|) . 
(jni]) correspondingly. Representing again 

(103) 



5'iL = hj^'^gA, 

with /is and gA possessing the monodromy properties: 

hBijJ + 2'K) = hB{y)p, 

gA{y + 27r) =gA{y)-i, 
and repeating the same steps as before we obtain: 



(104) 
(105) 



u;^4(C'4) - (^^,XRn) - (^t^eiSTr) - (^,i2{C2) - w^i(c^) 
-tT{RQ^6Ro6-f-f-^) + tT{6dd-^6RoRQ^) + tT{6dd-^Ro6-f-f-^Ro^) 
-tT{6C^C^^6pp-^) - tT{6C2C2^p-^6p) + tT{6C2C2^p-^6C^C^^p) . 

Recalling again the decomposition f|T8|) of fi'^'^''^'*' and comparing with the 
corresponding formulae in appendix C we arrive at the conclusion that the phase 
space of the gauged WZW model on a strip with a defect line coincides with that 
of the double Chern- Simons theory on D x R with gauge fields of groups G and 
H coupled to three Wilson lines. This result can be straightforwardly generalized 
to the presence of the N defect lines. 
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6 Topological G/G coset 



6.1 Bulk G/G coset 

In this section we consider the bulk G/ H model studied in section 2 for the special 
case G = H. It was shown in section 2 that the phase space of the bulk G/H 
model is symplectomorphic to that of the double Chern-Simons theory on Rx A. 
In the special case, when G = H it becomes a Chern-Simons theory on the torus 
times R : Rx {AU {—A)) = RxT"^ . This result can be obtained also by a direct 
calculation. 

In the case when G = H the equations of motion fl5U]) imply that g is (t, x) 
independent and therefore the symplectic form Qp^^ fl33l) reduces to 

n^"' = ^^{pr9-'). (107) 
47r 

The fact that g is constant on a cylinder and the relation ( l29l) also imply 

p~gp-^~g-'=I- (108) 

Comparing (11071) and (llOSp with the corresponding formulae reviewed in appendix 
C we arrive at the conclusion that the phase space of a bulk G/G theory on a 
cylinder is symplectomorphic to that of a Chern-Simons theory on x R. The 
quantization of the latter gives rise to the space of the 0-point conformal blocks 
of the WZW theory on the torus. The dimension of the space of conformal blocks 
on a Riemann surface of genus g with insertion of the primary fields with labels 
Pn is: 

N,M = Y.^S^f''' WiSlJSo) ■ (109) 

a n 

This implies that the Hilbert space of the quantized G/G theory on a cylinder 
has dimension equals to the number of the integrable primaries. The equivalence 
of the topological G/G coset on a cylinder Rx with a Chern-Simons on RxT"^ 
demonstrated here is actually a particular case of the more general equivalence of 
the topological G/G coset on a Riemann surface E and the Chern-Simons theory 
on S X 5^ established in |ll[39lll2]. 

6.2 A defect in a closed topological model G/G 

We have established in section 3 that the phase space of the coset G/H on 
a cylinder with a defect is symplectomorphic to that of a double Chern-Simons 
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theory on RxA with G and H gauge fields both coupled to a time like Wilson line. 
In the case when G = H we again arrive at the conclusion that the topological 
coset G/G on a cylinder with a defect line is equivalent to the Chern-Simons 
theory on RxT^ with two time like Wilson lines. This again can be verified by a 
direct calculation. For the case G = H the bulk equations of motion imply that 
gi and ^2 are {t,x) independent. 
Therefore one has: 

^i(O) = g,ia) = LpL-' = U") = W^t^) ■ (HO) 

From fl72l) we also obtain: 

^i(0)=p^2(27r)p-i. (Ill) 
Inserting (11111) in (11101) we get: 

C2C1P = pLpL-^p-^ . (112) 
The symplectic form (1791) now takes the form: 

QG/G-def ^ (72,^1) . (113) 

4:71 

Comparing (1112^ and (I113P with the corresponding formulae in appendix C we 
arrive at the conclusion that the topological coset G/G on a cylinder with a defect 
line is symplectomorphic with that of a Chern-Simons theory onT^ x R with two 
Wilson lines. The quantization of the latter gives rise to the space of the 2-point 
conformal blocks of the WZW theory on a torus. Using equation (11091) we can 
compute the dimension of the Hilbert space of the quantized topological coset 
G/G on cylinder with a defect line (/xi,/i2) : 

dimi^.,,,,, =5^<,iV|^,. (114) 

a/9 

6.3 Defects in the open topological model G/G 

Previously we have seen that the phase space of G/H coset on a strip with a 
defect is symplectomorphic to that of the double Chern-Simons theory on D x R 
with gauge fields G and H both coupled to three Wilson lines. In the case when 
G = if we arrive at the conclusion that the G/G topological coset on a strip 
with a defect line is equivalent to the Chern-Simons theory on sphere times R : 
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{D U (— -D)) X R = X R with six time-like Wilson lines. This can be verified 
also directly. In this case gi and ^2 are (t, x) independent and therefore one has: 

^i(O) = CsC, = C^C^P = ^i(a) , (115) 

Ua) = LpL-' = C^C^ = ^2(27r) . (116) 
From equations f lllSp and (11161) one obtains: 

CLC^^L-^)CLC2'L-^)CLCiL-^)CL^ =1, (117) 

and from (11021) one derives: 

^G/G-def-bndry ^ _ J^^^L , C^^ C,) + ^^{C^.C,) - ^n{C,,Ce) . (118) 

Ait Air Air 

Comparing (I117p and (II ISp with the corresponding equations in appendix C we 
arrive at the mentioned symplectomorphism of the phase space of G/G topologi- 
cal coset on a strip with a defect and a Chern-Simons theory on x R with six 
Wilson lines. The quantization of the latter gives rise to the space of the 6-point 
conformal blocks of the WZW theory on a sphere. Using equation (I109P we can 
compute the dimension of the Hilbert space of the quantized topological coset 
G/G on a strip with a defect line: 

Nii,AAM.s ■ (119) 

Recall that here (/is, fi^) are labels of the Cardy state on the first end of the strip, 
^q) are labels of the Cardy state on the second end of the strip, and {fii, ^2) 
are the labels of the defect. 

To interpret this result let us remind some general facts on a semisimple 
2D topological theory on a world-sheet with boundary [21]. First of all let us 
recall that the whole content of the 2D topological field theory is encoded in 
a finite-dimensional commutative Frobenius algebra C. In the case when C is 
semisimple it can be realized as the algebra of complex-valued functions on a 
finite set X = SpecC, which can be considered as a toy "space-time". Using 
sewing constraints of open topological theory it was proved in [31j that every 
boundary condition a is realized by a collections of vector spaces corresponding 
to each point of X: x — )• Vx^a- This can be considered as a vector bundle over 
finite space-time, in agreement with the K-theory interpretation of boundary 
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conditions. The Hilbert space of open string with boundary conditions specified 
by a and h is given by the bundle morphism: 



Hab = ©xHom(V;,,; \4,b) . (120) 

Consider now an open topological G/G coset. Note that in this case the 
points of X are labelled by integrable primaries. Let us remind first the situation 
without defect considered in [23]. The dimension of the Hilbert space for this 
case can be derived from (11191) putting there fii and fj.2 equal to vacuum state: 

A^^ . (121) 

This can be interpreted saying that the Hilbert space of the open string with the 
Cardy boundary conditions (/i3,/i4) and (/i5,/i6) at the ends is 

©AHom(iy^3^,,; W,,,,x) , (122) 

where Wf^,^\ are spaces of three points conformal blocks. This implies that the 
Cardy state (/i.z/) is given by the vector bundle 

A ^ W^^x ■ (123) 
Now consider the case with a defect (/ii,/i2)- 

It is well known (see e.g. [I5l[26l|271[3ll|38]), that open string propagating 
with boundary conditions a and b with inserted defect d can be considered, as 
propagating between one of the original boundary conditions, say a, and the 
second transformed by defect: d*b. According to formula (11191) the transformed 
state corresponds to the spaces Va,^^ ,^3,^5,^6 "with the dimensions 

and therefore can be considered as transformed by tensoring and summing with 
the space of 4-point conformal blocks W^^^^^x-^x^: 

This suggests the following general description of defects in semisimple 2D 
TFT's. It seems that to every defect separating 2D TFT's with " space-time '"s 
X and Y corresponds a collection of spaces V^y where x E X and y & Y. This 
can be considered as a fibre bundle over X x Y. Then the boundary condition 



20 



given by the fibre bundle Vy over Y is transformed to tlie boundary condition 
corresponding to tlie following bundle over X: 

X ®yV^y ® Vy . (126) 

It is interesting to note that the transformation (11261) can be viewed as a discrete 
Fourier-Mukai transform in agreement with the general interpretation of the de- 
fect worldvolume or bi-brane as kernel of the Fourier-Mukai transform suggested 

in [HlEHllaE]. 

Let us elaborate now on fusion of defects. For this purpose consider an open 
string with insertion of two defects. The Hilbert space in this case is given by 
the space of 8-point conformal blocks. Along the same lines we conclude that 
the fusion of two defects (/ii,/i2) and (z/i,z/2) is given by the space of 6-point 
conformal blocks: W^/xi,^j2,!^i,i/2,Ai,A2- According to the factorization properties of 
the space of conformal blocks this space can be expressed through the space of 
4-point conformal blocks: 

W^/ii,M2,^i,j^2,Ai,A2 = ®-^W^lx,^^2Mn ® ^^^,^2^,1 ■ (127) 

This suggests that in general the fusion of two defects given by the bundles 
V^y and V^^ over the spaces X x y and F x Z is given by the equation: 

vFr""'' = ©.K"; ® ■ (128) 

It is interesting to note that equation (I128P appeared as a composition rule in 
the 2-category of matrices of vector spaces (see for example [I7j). The relation 
with 2-categories actually can be traced further. 

Note that equation (11141) for the dimension of the G/G theory on a cylinder 
with a defect can be written as the dimension of the space W^^(,v,a,a: 

dim Hd^ ^ = dim J2 W^^M ■ (129) 

A 

We can conclude that probably in the general case the dimension of the bulk 
theory with defect given by the collection of the spaces {V^^^2:2? Xi,X2 G X}, is 
given by the dimension of the space (BxV^^: 

dimi7rf = dim V;^^. (130) 

The space ®xV^^ appears in [T7] as categorical trace. 
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The study of the conjectures fll26p . (11281) and fll30p for general 2D semisimple 
TFT is left for future work. 
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A Useful formulae 



In this appendix we collect some useful properties of the two-form g) defined 
by formula ( l32l) . 

'^{hL,p) = ^{L,p) + ^{h,LpL-^) . (131) 

^{Lh-\ hph-^) = ^(L,j9) - ^{h,p) . (132) 

Uf,{hCh-^) -u^iC) = -^{h,C) . (133) 

Q^^'>{hCih~\hC2h-^) -Q'^^\Ci,C2) = -^(/i,CiC2), (134) 

^(/i, C1C2) = ^(/i, Ci) + ^{h, C2) + {C{^dCidC2C2^ - C^^dCMC^^) , (135) 
where Ci = hCih^^ and C2 = hC2h^^ ■ 

oo^^^ihgh-^) - io^^^ig) = ~d^{h, g) . (136) 

B Defect Equations of motion 

Computing variation of the action fl50l) one obtains for the defect part: 

^A9i^^9i{9i^d+gi + g^^d^gi)]dt - ii[g2^6g2{g'^d+g2 + g2^d^g)]dt (137) 
+2ti[5gig^^ Ai^ - Ai+g^^5gi - {5g2g2^A2- - A2+g2^6g2)]dt + 5 = 0. 

The last term i? is a one-form satisfying the relation: 

tT{g^'6g,{g^'dg,)^) - ii{g:,Hg2{g2^dg2f) - 6w = dB . (138) 

Recalling that the first two terms come from the equation 

Sco"^' = dMg~'6g{g~'dgf)] , (139) 

we see that the existence of the one-form B satisfying f ll38p is a consequence of 
the equation fH3l) . Using (1471) one can compute B explicitly: 

B = A^,{Ci) + A^,{C2) + tT[C^'6C2dCiC^^ - 6CiC^^C^'dC2 - (140) 
6pp'\C2Ci)-'d{C2Ci) + iC2Ci)-'5iC2Ci)dpp-^ - L-'5Lp-^dp + 
p-^5pL-^dL - L-^6Ldpp-^ + 5pp-^L~^dL - L^^5Lp~^L~^dLp + 
L-^6LpL~^dLp~^] . 
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The one- form Af^{C) was defined in [11]: 

A^{C) = tT[h''6h{f^'h-'dhf^ - f^h-'dhf;')] , (141) 

wliere C = hf^^h'^ = e^'^Wfc^ 
and satisfies: 

trig-%ig-'dg)X=c - Suj.iC) = dA,{C) . (142) 
An{C) satisfies also another important relation on the time-line: 

tT[g-%{g-'d+g + g-'d.g)]dt + A,{C) = tT[26hh~\d+gg-' - g-'d.g)]dt , (143) 

where g = C. Let us explain the meaning of this equation. 

The left hand side of the fll43p is a particular case of fll37p and describes 
boundary equation of motion of the WZW model with the boundary condition 
specified by the conjugacy class C, while the right hand side proportional to 
Jl + Jr, what is the condition for the diagonal chiral algebra preservation. 

Now, using ( H7I) and (11401) . one can show by a straightforwatd calculation, 
that (11371) implies the equations (156|) . (157|) . (158!) in section 4. 

C Symplectic forms of the moduli space of flat 
connections on a Riemann surface 

In this appendix we briefly review the symplectic phase space of the Chern-Simons 
theory on the three-dimensional manifold of the form M x R, where M is two- 
dimensional Riemann surface, R is time direction, with n time-like Wilson lines 
assigned with representations Aj. It was shown in p^l^ that the phase space of 
the Chern-Simons theory in such a situation is given by the moduli space of fiat 
connections on the Riemann surface M punctured at the points Zi where Wilson 
lines hit M, with the holonomies around punctures belonging to the conjugacy 
classes Cq = /ye27r«Ai//c^-i Therefore denoting holonomies around handles aj and 
bj by Aj and Bj, and around punctures by Mi G Cq we arrive at the conclusion 
that the phase space of the Chern-Simons theory is 

n 

J'3,n = G'^ xl[C^^ (144) 
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subject to the relation 

[5„ A~^] ■ ■ ■ A^i]M„ • • ■ Ml = / , (145) 

where 

[B,,A,] = B,A,BJ^At\ (146) 

and to the adjoint group action. 

The symplectic form on J-'^ „ was derived in [1] and has the form: 

n g 

i=i j=i 

where 

Qm, = ^uxXM^) + ■^tT{K;-_\6K,.,Kr^6K,) , (148) 
47r 47r 

^H, = ^^{B,,A,) + ^itT{K-l,^_,5K^+2,.2K-l,^^^^^ (149) 

+ tT{K;^l2j-l^Kn+2j-lK:^l2j^Kn+2j)) , 

and where 

Ki = Mi---Mi i<n, (150) 

= A,[B^_,, Aj\] ■ • ■ , (151) 

K^+2j = [Bj, Aj'] ■ ■ ■ Ai']K^ 1<J<9. 
Kq can be chosen to be equal to the unity element. According to fll45p also 

Kn+2g = I- (152) 

uj\{M) and ^{B,A) are defined in equations ( l20i) and ( l32l) correspondingly. 

It was also proved in [1] that quantization of the moduli space J-g^„ with 
the symplectic form fll47p leads to the space of n-point conformal blocks on a 
Riemann surface of the genus g. 

The last piece of information which we need is the symplectic form on the 
moduli space of flat connections on the punctured sphere with holes 5'^^, where 
n as before is number of punctures and m is number of holes. It was argued 
in [10l|22] that the corresponding symplectic form is given by: 



m 



i=l 

where Q}"'^ is defined in ( |T9l) and its geometrical quantization leads to the inte- 
grable representation of the affine algebra g at level k. 
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